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our calculation results are comparable to those of a con
tional two-dimensional numerical device simulator.

The organization of this paper is as follows. In Sec
we discuss the structure of the verticalp-i-n photodiode an
the basic equations governing carrier transport. In Sec
the stationary approximation is briefly reviewed. Secion
is devoted to the derivation of nonstationary descriptio
carrier transport. Using the Fourier expansion, we invest
the high frequency photoresponse of the photodiode. Fi
we give a summary in Sec. V.

II. VERTICAL P-I-N PHOTODIODE STRUCTURE
AND DEVICE EQUATIONS

The verticalp-i-n photodiode device structure is sho
in Fig. 2. Light pulse is applied on thep surface. Generate
carriers cross the junction and flow as photocurrent. In o
to derive equations for the current, we adopt the follow
assumptions.

(1) Homogeneity in all device parameters, as well as
intensity of the light radiation normal to thex axis in
Fig. 2.

(2) Constant electric fieldE0 in the i region.
(3) Negligible potential drop in thep+ andn+ region.
(4) Shallow p+ region with respect to light penetrati

depth.
(5) No change of electric field due to the incident li

pulse.

From the first assumption, we can treat the carrier dyna
only in one dimension, along thex direction. To minimize
diffusing carriers generated in thep+ region, the fourth as
sumption is introduced. Therefore, we neglect thep+sx,0d
region hereafter. The last one implies that we can app

FIG. 2. Structure of the verticalp-i-n photodiode. Light pulse is applied
the p surface and the generated carriers cross the junction.
mate the electric fieldEsxd as
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dEsxd
dx

.
q

«
fND

+ sxd − NA
−sxdg , s1d

whereq,« ,ND
+ , and NA

− are the elementary charge, the p
mittivity, and the densities of ionized donors and accep
respectively(see, e.g., Ref.11 for higher intensity illumin
tion). This assumption is justified by the fact that the o
nary operating condition of photodiodes is in the linear
gion in which the incident light intensity is below the le
from which the output pulse shape is distorted due to sc
ing effect. The solution of this equation is approximated

Esxd . HE0 s0 ø x ø Ld
0 sx . Ld J . s2d

The equations governing carrier transport are given

] nsx,td
] t

−
1

q

] Jnsx,td
] x

= Gnsx,td − Rnsx,td, s3d

] psx,td
] t

+
1

q

] Jpsx,td
] x

= Gpsx,td − Rpsx,td, s4d

wheren andp are the electron and hole density,Jn andJp are
the electron and hole current density,G is the carrier gener
tion rate, andR is the carrier recombination rate. We n
adopt the drift-diffusion approximation. For 0øxøL

Jnsx,td . qmnnsx,tdEsxd, s5d

Jpsx,td . qmppsx,tdEsxd, s6d

and forx.L

Jpsx,td . − kTmp
] psx,td

] x
, s7d

where mn,p is the mobility. Since high reverse bias is n
mally applied to obtain high speed operation, the drift c
ponent overwhelms the diffusion component in the intri
region, and thus the latter component can be neglecte
the other hand, in the region ofx.L, the electric field due t
the high reverse bias vanishes and thus diffusion come
play. The generation rateG and recombination rateR are
given by

Gn,psx,td = afstde−ax, s8d

Rpsx,td = 50 s0 ø x ø Ld
psxd − p0

tp
sx . Ld 6 , s9d

wherea ,f ,p0, and tp are the absorption coefficient of t
incident light, the photon flux, the hole density ofn+ sub-
strate in equilibrium, and the life time of holes, respectiv
Here, we adopt the relaxation time approximation as th
combination rate. In the intrinsic region, carriers quic
evacuate to then+ or p+ region due to the high electric fie
and thus recombination can be neglected. Moreover
dwell time td that carriers are in thei region can be rough
estimated as td=L /mE0,2310−11 ssL /1 mmd
3s500 cm2 V−1 s−1/mds104 V cm−1/E0d, which is very much

shorter than carrier lifetime. Thus, our approximation is
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valid. The assumptions which we adopted in this section
reasonable even in realistic cases(see also Ref. 5).

III. STATIONARY DESCRIPTION OF THE PHOTODIODE
CHARACTERISTICS

Before discussing the nonstationary features of the
todiode, the stationary solution, which is derived by set
the time derivatives to zero, is reviewed(see the text book o
S. M. Sze12). The solution is valid in describing the pho
diode characteristics under constant to low frequency v
tion of incident light.

In the i region s0øxøLd, we derive the differentia
equations

dJnsxd
dx

= − qafe−ax, s10d

dJpsxd
dx

= qafe−ax. s11d

The solution satisfying the boundary conditions

Jns0d = 0, JpsLd = 0 s12d

is given by

Jnsxd = qfse−ax − 1d, s13d

Jpsxd = qfse−aL − e−axd. s14d

Therefore, the current due to the drift becomes

Jdr = Jn + Jp = − qfs1 − e−aLd. s15d

In the n+ regionsx.Ld, we derive the differential equ
tion

Dp
d2psxd

dx2 −
psxd − p0

tp
= − af e−ax, s16d

whereDp=mpkT/q. Under the boundary conditions

ps`d = p0, psLd = 0, s17d

we can obtain the solution as

psxd = p0 − Spn0 +
aLp

2

1 − a2Lp
2

f

Dp
e−aLDe−sx−Ld/Lp

+
aLp

2

1 − a2Lp
2

f

Dp
e−ax, s18d

whereLp=ÎDptp. Therefore, the current density atx=L is
written as

JdiffsLd = − qDpSdpsxd
dx

D
x=L

= − qp0
Dp

Lp
− qf

aLp

1 + aLp
e−aL

. − qf
aLp

1 + aLp
e−aL. s19d

The total current density is the sum of the drift and

fusion components
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JtotalsLd = JdrsLd + JdiffsLd = − qfS1 −
e−aL

1 + aLp
D . s20d

The response of the photodiode to a low frequency inc
light variation can be described by the time variation of
photon fluxf. In the following section, based on the ab
formulation, we present nonstationary description taking
account time derivative terms.

IV. FULL NONSTATIONARY DESCRIPTION OF THE
PHOTODIODE CHARACTERISTICS

Here, we present a description for the nonstationary
under high frequency operation of photodiodes. We adop
Fourier expansion method, which eliminates the variabt
and transforms the partial differential equations to a se
solvable second-order ordinary differential equations.

A. Formulation using Fourier expansion

First, we expandnsx,td ,psx,td ,fstd ,Jnsx,td, andJpsx,td
as

nsx,td = o
vi

nvi
sxde−ivit, s21d

psx,td = o
vi

pvi
sxde−ivit, s22d

fstd = o
vi

fvi
e−ivit, s23d

Jnsx,td = o
vi

Jn,vi
sxde−ivit, s24d

Jpsx,td = o
vi

Jp,vi
sxde−ivit, s25d

wherevi is the modulation frequency.
In the i region s0øxøLd, from Eqs.(3)–(6), we derive

the differential equations

dnvi
sxd

dx
+

ivi

mnE0
nvi

sxd = −
afvi

mnE0
e−ax, s26d

dpvi
sxd

dx
−

ivi

mpE0
pvi

sxd =
afvi

mpE0
e−ax. s27d

The solution is given by

nvi
sxd =

afvi

amnE0 − ivi
se−ax − e−sivi/mnE0dxd, s28d

pvi
sxd = −

afvi

ampE0 + ivi
se−ax − e−aLesivi/mpE0dsx−Ldd, s29d

which satisfy the boundary condition

nvi
s0d = 0, pvi

sLd = 0. s30d
The current density is derived as
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Jn,vi
sxd =

qamnE0fvi

amnE0 − ivi
se−ax − e−sivi/mnE0dxd, s31d

Jp,vi
sxd = −

qampE0fvi

ampE0 + ivi
se−ax − e−aLesivi/mpE0dsx−Ldd. s32d

In the n+ region, from Eqs.(4) and (7), we derive

d2fvi
sxd

dx2 −
1 − ivitp

Lp
2 fvi

sxd = −
a

Dp
fvi

e−ax, s33d

where

psx,td − p0 ; o
vi

fvi
sxde−ivit. s34d

Imposing the boundary conditions

psL,td = 0, ps`,td = p0, s35d

we obtain the solution

psx,td − p0 = o
vi

FS− p0dvi0

−
aLp

2

1 − ivitp − a2Lp
2

1

Dp
fvi

e−aLD
3 e−

Î1−ivitp

Lp
sx−Ld

+
aLp

2

1 − ivitp − a2Lp
2

1

Dp
fvi

e−axGe−ivit. s36d

The current density due to the diffusion is now written a

JdiffsL,td = − qDpS ] psx,td
] x

D
x=L

. o
vi

F−
qaLp

Î1 − ivitp + aLp

fvi
e−aLGe−ivit. s37d

Therefore, the total current consisting of the drift and
diffusion components is

JtotalsL,td = JdrsL,td + JdiffsL,td = o
vi

Jvi
e−ivit

= o
vi

F qamnE0

amnE0 − ivi
se−aL − e−sivi/mnE0dLd

−
qaLp

Î1 − ivitp + aLp

e−aLGfvi
e−ivit. s38d

If we consider the stationary limitvi →0, Eq.(38) reduces to
Eq. (20). The load resistanceR, which is normally connecte
to photodiode during operation, is not considered in this
mulation. As such, it not necessary to take into account
placement current, which is needed to describe
RC-constant effect. However, we can easily incorporate
an effect arising fromR into our formulation in a similar wa

as in Ref. 9.
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B. High frequency characteristics

Using the expression given by Eq.(38) for the curren
density of each mode, we investigate the high frequ
characteristics of the verticalp-i-n photodiode. We first dis
cuss the dependence of the high frequency response o
plied reverse bias. Figure 3 shows the real part ofJvi

nor-
malized by the value atvi =0 for three applied biases(2V,
5V, and 10 V) for L=2 mm. The optical amplitude of ea
mode is kept equal.(The same results can be derived for
optical intensity in the linear region of optical response.) In
these calculations, we have only one device parameter
bility m, whose value is adopted as,500 cm2/V s. Higher
bias slightly improves the response at −3 dB level as
pected. The dependence ofJvi

on the lengthL of the i region
is shown in Fig. 4 for a reverse bias of 2 V. We adopted
same value of mobility as given above. The high freque
response falls down for longerL due to longer transit tim
for carriers. On the other hand, for shorterL, the high fre
quency response is not necessarily enhanced. As sho
the figure, the response is improved by reducingL to 2 µm.

FIG. 3. High frequency response ofL=2 mm for different applied revers
biases. The response is enhanced at higher applied bias.

FIG. 4. High frequency response for differenti region lengthL. The cutoff
frequencyfT is depicted by the −3 dB line.fT decreases at shortL becaus

of diffusion effects. The reverse bias is 2 V.
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However, beyond this value, the response deteriorates w
is attributed to the increasing contribution of the diffus
current. The cutoff frequencyfT (at −3 dB line) as a function
of L is shown in Fig. 5. We can see a nonlinear growth of
cutoff frequency at smallL, which is different from the linea
growth of RC-constant effect(see also Ref. 9). Therefore
there is an optimum length of thei region to obtain a hig
frequency response as shown in Fig. 1. WhenR is present
the linear effect of theRC constant restricts the visibility o
the diffusion current effect depending on the value ofR. In
the limiting case whereR→0, diffusion alone decides th
cutoff frequency at shortL.

C. Simulation results based on the spectral method

In order to show the validity of the solution obtained
Eq. (38), we simulate the full nonstationary response of
photodiodes. For this purpose, we adopt the spectral me
which is composed of the following procedure.

(1) Expanding input optical signals into Fourier modes w
single frequencyvi by using Fast Fourier Transform.13

(2) Deriving the solution of output current for each mo
labeled byvi.

(3) Summing up the Fourier modes of current to const
the final output current in real space.

The second step is already discussed in the preceding
tion.

Using the above-mentioned numerical method, we
culated the photocurrent for a Gaussian light pulse of in
sity Istd= I0 exps−t2/s2d, whose normalized values are sho
in Fig. 6. Here we adopteds=10 ps.(The weak intensity o
the light pulse validates the assumption that the electric
induced by the applied voltage is not affected by the inci
light.) We considered a Si verticalp-i-n photodiode with
n+,1020 cm−3,p+,1020 cm−3, and nsi regiond,1015 cm−3.
The incident light wavelengthl is 532 nm, where the corr
sponding optical absorption coefficienta is ,1 mm−1. We
also compared the result with that obtained by the statio
approximation and that obtained by a commercial t

14

FIG. 5. Cutoff frequencyfT as a function ofi region lengthL. At shorterL,
the cutoff frequency is restricted by diffusion effects.
dimensional numerical device simulatorMEDICI. Only the
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mobility parameter is changedsm.550 cm2/V ·sd in order
to reproduce theMEDICI result. This is justified by the fa
that for any device model, parameter extraction is usu
applied before performing circuit simulation. Calculation
sults with our proposed model can reproduce the nonsta
ary feature obtained by theMEDICI simulation. The nonsta
tionary feature is delayed as shown in Fig. 6.

V. SUMMARY

We have obtained the analytical current density des
tion for p-i-n photodiodes in Fourier space and investig
the high frequency photoresponse using our description
shorteri region length, we have shown that diffusion restr
the cutoff frequency in the limit of zero load resistanceR.
We also developed a simulation scheme based on the sp
method. With a significant reduction in computation ti
the current characteristics calculated by our model are
parable to two-dimensional device simulation results.

Our formulation developed in this paper is very eas
use and compatible to the harmonic balance simulatio
circuits,15 which is a powerful method for analyzing hi
frequency and/or nonlinear circuits. Therefore, our resu
very useful to perform such simulation of OEICs.
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